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Abstract

In this paper, We studied the characteristics and properties of an anti fuzzy k-bi-ideals in
I'-near-ring. We also proved the arbitrary union and non empty intersection of an anti fuzzy k-bi-
ideals in I'-near-ring is an anti fuzzy k-bi-ideals in I"-near-ring and also complement of an anti
fuzzy k-bi-ideals in I'-near-ring is a fuzzy k-bi-ideals in I'-near-ring.
Introduction

We discuss about the anti fuzzy k-bi-ideals in I'-near-ring. Fuzzy k-ideals and anti fuzzy
k-ideals in I'-semi-near-ring were introduced by S.J.Alandkar and Y.S Pawar. In this chapter, we
introduce the notion an anti fuzzy k-bi-ideal in a I'-near-ring and some properties are
investigated.
Preliminaries
Definition 1.1

A non-empty set N with two binary operations “ + ” ( addition) and * - > (multiplication)
is called a near-ring, if it satisfies the following axioms:

(i) (N, +) is a group,

(i) (N, -) is a semigroup,

@iii)(x+y)-z=x-z+y-zforallx,y,z€N.

Precisely speaking it is a right near-ring, because it satisfies the right distributive law. We
will use the word “near-ring” to mean “right near-ring”. We denote xy instead of x - y.
Moreover, a near-ring N is said to be a zero-symmetric if x - 0 = 0 for all x € N, where 0 is the
additive identity in N.
Definition 1.2

Let (M, +) be a group and I' be a non-empty set. Then M is said to be a
I' - near-ring, if there exist a mapping M x I' x M — M (The image of (X, a, y) is denoted by
xay) satisfying the following conditions:

(1) (x + y)oz = x0z + yoz,

(i) (xay)Bz = xa(yPz) forallx,y,z€Mand a, p €T.
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Definition 1.3

Let M be a I'-near-ring and n be a fuzzy subset of M. Then the complement of [ is
denoted by p®and is defined by p°(x) = 1—p(x) for any x € M.
Definition 1.4

Let M and N be I'-near-rings. A map f : M — N is called a I"-near-ring homomorphism,
if f(x +y) =f(x) + f(y) and f(xay) = f(x)af(y) forall x,y e Mand a €T.
Definition 1.5

Let M be a I'-near-ring. For an endomorphism f of M and fuzzy set p in M, we define a
new fuzzy set g in M by pf(x) = pu(f(x)) for all x € M.
Definition 1.6

Let p be a fuzzy set of a I'-near-ring M and f be a function defined on M, then the fuzzy
set v in (M) is defined by v(y) = inf {u(x) : x€f *(y) ) for all y € f(M) is called the image of p
under f. Similarly, if v is a fuzzy set in f(M), then p=vof in M ( that is, the fuzzy set defined by
u(x) = v(f(x))) for all x € M is called the pre-image of v under f.
Definition 1.7

For a family of anti fuzzy sets {y; : 1 € A} in a ['-near-ring M, the union U;c, p;(x) of
{Wi : 1 € A} is defined by U;ep 1 (x) = sup{pi(x) : i € A} for each x € M.
Definition 1.8

For a family of anti fuzzy sets {u; : i € A} in a I'-near-ring M, the intersection N;e W; of
{Wi : 1 € A} is defined by N;eq 1 ()= Inf {pi(X) : 1 € A} for each x € M.
Definition 1.9

A subgroup B of (M, +) is a ideal if and only if M['B € B and BI'M <€ B
Definition 1.10

A subgroup B of (M, +) is a bi-ideal if and only if BTMI'B € B .
Definition 1.11

A bi-ideal B of M is said to be k-bi-ideal if y € B and if x+y € B or y+x € B then x € B.

Definition 2.1.1
A fuzzy set p in a I'-near-ring M is called a fuzzy left (resp. right) ideal of M if
() p&x—y)=Zmin{px), my)},
(i) u(y +x —y) > u(x), for all x, y € M.
@) pua(x +v) —uav) > u(x) (resp. w(xau) > u(x)) forall x,u,v € Mand o € I



Anti Fuzzy k-bi-ideals of I'-near-ring 23
Definition 3.1.1

A fuzzy set p in a I'-near-ring M is called an anti fuzzy left (resp. right) ideal of M, if
() px—y) <max{p(x), p(y)},
(i) py+tx-—y)<wux)forallx,y €M,
(iii) p(uox + v) —uav) < u(x)(resp. p(xou) < pu(x)) forall x,u,vE Manda €T
Definition 2.1
An anti fuzzy bi-ideal pin M is called an fuzzy k-bi-ideals of M if for all
X,y € M, u(x) = min{max{u(x+y), u(y+x)}, u(y)}
Anti Fuzzy k-bi-ideals of I'-near-ring
Definition 2.1
An anti fuzzy bi-ideal i in M is called an anti fuzzy k-bi-ideals of M if for all x,y € M,

u(x) < max {min{p(x+y), p(y+x)}, u(y)}

Theorem 2.2
Let M be a I'-near-ring. Then a fuzzy set [ is an anti fuzzy k-bi-ideal of M if and only if
u ¢is a fuzzy k-bi-ideal of M.
Proof
Let X, y € M and p be an anti fuzzy k-bi-ideal of M, then we have
(P x-—y)=1-px-y)
> 1 —max{p(x), p(y)}
= min{l - u(x), 1 - p(y)}
= min{p °(x), 1* (N},
Forall x,y,zeManda, B € T', we have
(ii) Po(xaypz) = 1 - p(xaypz)
> 1 = max{u(x), u(2)}
= min{l - p(x), 1 - u(2)}
=min{u ° (x), 1° (2)},
Forall X,y € M,
(i) p°()=1- p(x)
21 — max {min{p(x+y), p(y+x)}, u(y)}
=min{max {1-p(x+y), I-p(y+x)},1-u(y)}
= min{max{p°(x+y), u°(y+x)}, 1°(y)}
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Hence p ©is a fuzzy k-bi-ideal of M.

Conversely, Suppose that i ©is a fuzzy k-bi-ideal of M, then for all x, y € M we have
() px-—y)=1-p(x—-y)
< 1 —min{p*(x), u°(y)}
= max {1 — p°(x), 1 - p°(y)}
= max{p(x), u(y)}.
Forall X,y,z € M and a,p € I', we have
(ii) p(xaypz) = 1 — u(xaypz)
<1 - min{p*(x), u°(2)}
= max{l - p(x), 1 - 1)}
= max{u(x), u(z)}-
Forallx,yeM
(i) peO)=1-p*(x)
<1 — min {max {p’(x+y), L°(y+x)}, K(y)}
=max {min { 1-p"(x+y), 1-p(y+x)},1-p%(y)}
=max{min{p(x+y), H(y+x)}, u(y)}
Hence [ be an anti fuzzy k-bi-ideal of M.

Theorem 2.3
If {4 : i € A} is a family of anti fuzzy k-bi-ideals of a I'-near-ring M then so is U;e 1;.
Proof
Let {u; : i € A} be a family of anti fuzzy k-bi-ideals of M and let x, y € M.
Then
(DVien i(x — y)=sup{pi(x —y) : i € A}
< sup{max {pi(x), Hi(y) }: 1 € A}
= max{sup{pi(x) :i € A},sup{pi(y):i € A}}
=max{U;en Wi (x),Uier i (M)}
Forall x,y,zeManda, p €T,
(i) Uien i (xaypz) = sup{ui(xayBz) : i€ A}
< sup{max {pi(x), Hi(z) }: i € A}
= max{sup{Hi(x) : i € A},sup{ui(z) : i € A}}
= max {U;en 1 (%), Vien 1i(2)}-
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Forallx,y e M

(ii1) Uzen ()= sup{ pi(x) :i € A }
< sup {max {min {ui(x+y), Hi(y+x)}, Li(y)}: | € A}
=max{min{sup{pi(x+y) : i € A} {sup{Hi(y+x) : i € A}} ,sup{pi(y) : i € A}}
= max{min{U;e, i (x + ), Uien i (¥ + 2)}, Vien ()}
Hence U;e, 1; IS an anti fuzzy k-bi-ideal of a I'-near-ring M.

Theorem 2.4
Intersection of a non empty collection of anti fuzzy k-bi-ideal of a I'-near-ring M is an
anti fuzzy k-bi-ideal of M.
Proof
Let M be a I'-near-ring. Let {y; : i € I} be the family of anti fuzzy k-bi-ideals of M and
letx,y € M.
Then we have, (i) Njea i(x — y) = inf {Hi(x —y) : 1 € A}
< inf {max {pi(x), Li(y)}: i € A}
= max{inf pi(x) : 1 € A, Inf i(y) 1 1 € A]
= max{ Niea i (x) , Niea i (N }-
Forall x,y,z€Manda, B ET,
we have (ii) N;eq 1 (xayBz)= inf {Wi(xayPz) : 1 € A}
<inf {max{ui(X), Mi(z2)}: 1€A}
= max{inf wi(x) : i € A, inf 1i(2) : 1 € A]
= max{ Niea ki (x) , Niea ki (2)}-
Forallx,y e M
(iih) Nien mi(x)= Inf{i(x) - TEA}
< inf{max {min {pi(x+y), Hi(y+X)}, Hi(y)}: i € A}
=max{min{inf{i(x+y) : i € A} {inf{i(y+x) : 1 € A}} ,inf{i(y) : i € A}}
= max{min{Nier t; (x + ), Nieatts (v + 2D} Niea s 0N}
Thus N;ea 1; is an anti fuzzy k-bi-ideal of a I'-near-ring M.

Theorem 2.5
I' near-ring homomorphic pre image of an anti fuzzy k-bi-ideal is an anti fuzzy
k-bi-ideal.
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Proof
Let 6 : M — N be a I near-ring homomorphism, v be an anti fuzzy k-bi-ideal of M and p
be the pre-image of v under 6. Then
n(x—y)=v(0(x—y))
=v(0(x))~v(6(y))
< max {v(0(x),v(6(y)}
=max{p(x),u(y)}-
Further p(xaypz) = v(0(xaypz))
=Vv(0(x)ab(y)BO(2))
< max {v(6(x)), v(8(2))}
= max{u(x), u(z)} forall x,y,ze Mand a, B €T.
And also pu(x)=v(8(x))
< max{min{v(8(x)+ 0(y)), v(8(y)+ 0(x))}, v(8(y))}
= max{min{v(8(x+y)), v(8(y+x))}, v(6(y))}
= max{min{u(x+y), u(y+x)}, u(y)}
Hence p is an anti fuzzy k-bi-ideal of M.

Theorem 2.6.
Let p be an anti fuzzy k-bi-ideal of a I'-near-ring M with an multiplicative identity e and
1" be a fuzzy set in M given by g *(x) = pu(x) + 1 — p(e) for all x € M. Then p ¥ is an anti fuzzy
k-bi-ideal of M.
Proof
Let i be an anti fuzzy k-bi-ideal of a I'-near-ring M.
For all x,y € M, we have
(U -y =pux-y)+1-p)
< max{pu(x), p(y)} +1—p(e)
= max {p(x) + 1 —p(e), w(y) + 1 —p(e)}
= max{p “(x), L' (y)}-
Forall X,y,z € M and a,p € I', we have
(ii) W (xayBz) = p(xaypz) + 1 — p(e)
< max{p(x), p(z)} + 1 —p(e)
= max{p(x) + 1 —u(e), Wz) + 1 - pu(e)}
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= max{p “(x), L' (2)}-
Forallx,y e M
(iil) W0 = p(x) + 1~ p(e)

< max {min{p(x+y), p(y+x)}, p(y)} +1 - p(e)
= max {min{p(x+y) + 1 — p(e), p(y+tx)+ 1 —p(e)}, p(y)+ 1 —p(e)}
= max{min{p" (x+y), W' (y+x)}, 1 (y)}

Hence p * is an anti fuzzy k-bi-ideal of M.

Theorem 2.7
Let M be a I'-near-ring. Let f be an endomorphism of M. If i is an anti fuzzy bi ideal of
M, then so is p" .
Proof
Let p is an anti fuzzy bi ideal of M.
Forall X,y € M and o € I'. Then
(i) Hx-y=pfx-y)
= u(f(x) - (y))
< max {p(f(x)), p(f(y))}
= max{u'(x), W'(y)}-
For all X, y,z € M and o, € I', we have
(ii) W (xaypz) = p(fxaypz))
= M(f(x)af(y)pt(z))
< max {p(f(x)), n(f(2))}
= max{u'(x), u'(2)}.
Forallx,y e M
(iii) p'()= u(fx)
< max{min{ p(f(x)+ (f(y)), p(f(y)+ (fx))}, n(f(y)}
= max{min{u(f(x+y)), u(f(y+x))}. u(f(y)}
= max{min{p'(x+y), Wy+)}, H'()}
Hence p is an anti fuzzy k-bi-ideal of M.

Theorem 2.8
Let u be an anti fuzzy k-bi-ideal of a I' near-ring M.
Then M, ={x € M/u(x) = p(0)} is a k-bi-ideal of M.
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Proof

Let i be an anti fuzzy k-bi-ideal of M
Q) Letx,y € M,..
Then p(x—y) < max {p(x), p(y)} = p(0) and so p(x —y) = p(0) > x —y € My,
(i) Foreveryx,z€ My, yE€Mand o,B €T,
n(xaypz) < max {u(x), W(z)} = p(0).
Therefore pu(xaypz) = n(0) = xaypz € My.
(i)  Forify e Myand if x+y € My or y+x € M,
Then p(y) = u(0) and either p(x+y)= p(0) or p(y+x) = p(0)
Therefore pu(x) < max {min{u(x+y), p(y+x)}, p(y)} = n(0) = x € My
Hence My, is a k-bi-ideal of M.

Theorem 2.9
Let A be a non-empty subset of a I" near-ring M and pa be a fuzzy set in M defined by

sifxeA
P—A(X):{tifxeA

forall x e M and s, t € [0, 1] with s<t. Then pa is an anti fuzzy k-bi-ideal of M if and only if A is
a k-bi-ideal of M. Moreover Mpa = A.
Proof
Let pa be an anti fuzzy k-bi-ideal of M and let x, y € A.
Then pa(x—y) < max {pa(X), Ha(y)}
=s
and so pa(x —y) =s implies x —y € A.
Foreveryx,ze A,yeMand o,BET,
Ha(xayBz) < max {pa(X), Ha(2)} =
and so pa(xaypz) = s implies xaypz € A.
Forifye Aandif x+ty e Aory+x € A
Then pa(y) = s and either pa(x+y) = s or pa(y+x) =s
Ha(x) < max {min{ pa(X+y), Ha(y+X)}, Ha(Y)} = s
and so pa(x) = s implies x € A.
Hence A is a k-bi-ideal of M.
Conversely, assume that A is a k-bi-ideal of M.
Letx,y € M.
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If at least one of x or y is not in A, then pa(x —y) =t

< max {pa(X), Ha(¥)}-

Ifx,y €A, thenx —y € Aand so pa(Xx —y)=s

= max{pa(x), Ha(y)}-

Letx,y,z€Manda,p €T.

(a) If x, z € A, then xayPz € A and so pa(xayPz) =s

< max{ua(x), Ha(2)}-

(b) Ifx € A,z ¢ A, then pa(xaypz) =t < max{pa(X), Ha(2)}-
() Ifx ¢ A, z € A then pa(xaypz) =t <max{pa(X), Ha(z)}.
(d)Ifx &A, z¢ A, then pa(xaypz) =t =max{ua(x), Ha(2)}.
Thus pa is an anti fuzzy bi-ideal of M.

Letx,y € M.

If at least one of X or y is not in A, then pa(X +y) =tand pa(y + x) =t

And so max{min{ pa(x+y), Ha(y+X)}, Ha(y)}
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